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INTRODUCTION 

T h i s  i s  t h e  f i n a l  r e p o r t o o n  Grant NGR-34-002-038. I t  pre- 

s e n t s  a review of t h e  a c t i v i t i e s ,  of t h e  r e sea rch  c a r r i e d  o u t  

under t h e  g r a n t ,  and of t h e  r e s u l t s .  I t  also conta ins  a r e p o r t  

on t h e  r e s u l t s  of research  c a r r i e d  o u t  under a no-cost ,extension 
8 

during t h e  per iod  J u l y  1, 1968, t o  March 31, 1969, when t h e  g r a n t  

w a s  terminated. The o r i g i n a l  g r a n t  per iod  w a s  Ju ly  I, 1966,  t o  

June 30, 1968. During t h i s  per iod ,  t h e  r e s u l t s  of the  research  

w e r e  presented by progress  r epor t s .  

One of t he  o b j e c t i v e s  of t h e  a c t i v i t i e s  under t he  g r a n t  w a s  

t o  assist the  Nat ional  Aeronautics and Space Administration i n  

i t s  opera t ions  of  applying o p t i c a l  methods for data and informa- 

t i o n  handling. T h i s  a s s i s t a n c e  w a s  given by car ry ing  o u t  l i tera-  

t u r e  searches,  by t h e  i n i t i a t i o n  of s h o r t  courses  on o p t i c a l  d a t a  

processing a v a i l a b l e  t o  NASA personnel,  by car ry ing  o u t  s p e c i f i c  

s t u d i e s ,  by research  r e l a t e d  t o  p e r t i n e n t  o p t i c a l  processing me- 

thods, such as c o r r e l a t i o n  processing,  and by developing new 

methods of a n a l y s i s  and measurement of related o p t i c a l  phenomena. 

The cooperation wi th  t h e  Space D a t a  Control Branch, Code 5 2 1  of 

GSFC, and t h e  many s t imu la t ing  d i scuss ions  w i t h  M r .  Arnold 

Schulman are h ighly  appreciated.  

The research w a s  carried o u t  by t h e  p r i n c i p a l  i n v e s t i g a t o r  

assisted by graduate  and undergraduate s tuden t s .  The names of 

t h e  s tuden t s  working on s p e c i f i c  p r o j e c t s  w e r e  l isted i n  t h e  

progress  r e p o r t s .  One of t h e  s tuden t s ,  D r .  J. P. Moffat t ,  com- 

p l e t e d  h i s  d i s s e r t a t i o n  e n t i t l e d  "Ef fec t s  of G e o m e t r i c  Deviations 
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and Nonlinearities in Coherent Optical Data Processors? in May 

1968 on research under the grant. 
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RESEARCH REVIEW 

The research started w i t h  s p e c i f i c  problems related to  

the d e t e c t i o n  of s i g n a l s  i n  no i se  by o p t i c a l  c o r r e l a t i o n  pro- 

cessing.  Various types  of errors which l i m i t  t h e  e f f i c i e n c y  of 

the o p t i c a l  approach i n  comparison with e l e c t r o n i c  methods w e r e  

i nves t iga t ed .  The effects of t h e  DC-stop, of f i n i t e  dimensions 

of the o p t i c a l  s i g n a l  and f i l t e r  d i s t r i b u t i o n s ,  and of the non- 

l i n e a r i t i e s  w e r e  s tud ied .  A t t e m p t s  w e r e  then made t o  f i n d  me- 

thods for  the  e l imina t ion  o r  reduct ion  of these effects. A 

t y p i c a l  example i s  a func t ion  l i n e a r i z e r  which is a device t o  

be i n s e r t e d  between an e l e c t r o n i c  s i g n a l  source and an o p t i c a l  

s i g n a l  recorder and which in t roduces  a d d i t i o n a l  n o n l i n e a r i t i e s  

such t h a t  they compensate the  o r i g i n a l  ones. A prototype model 

of such a device w a s  fabricated and opera ted  s a t i s f a c t o r i l y  for 

compensating t h e  non l inea r  effects of cathode ray  tubes a t  o p t i -  

cal s i g n a l  recording.  On the side of t h i s  i n i t i a l  research  a 

bibl iography of books and articles dea l ing  w i t h  o p t i c a l  data pro- 

ces s ing  w a s  prepared and published. 

Cor re l a t ion  and spectrum a n a l y s i s  of holograms i s  another 

s u b j e c t  matter which a t t r a c t e d  the i n t e r e s t  of s tuden t s  as a 

d i s s e r t a t i o n  top ic .  Such c o r r e l a t i o n  methods are important s i n c e  

they may inc rease  t h e  c a p a b i l i t i e s  of holographic  computer mem- 

ories, may be used for  three-dimensional-character and body 

recogni t ion ,  for  rendevous-guidance of space veh ic l e s ,  and for  

t h e  determinat ion of t h e  o r i e n t a t i o n  of var ious  types of bodies. 

A number of elementary s t e p s  of t h e  i n v e s t i g a t i o n  w a s  completed 
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during t h e  g r a n t  per iod .  The  r e s u l t s  w e r e  p resented  i n  t h r e e  

progress  r e p o r t s .  

T h e  s tudy of errors of o p t i c a l  data processors  raised t h e  

ques t ion  of how t o  de f ine  numerically t h e  q u a l i t y  of t h e  great 

v a r i e t y  of such devices  and methods. Study of the l i t e r a t u r e  

and d iscuss ions  led t o  adopting a noise- to-s ignal  ra t io  as a 

c h a r a c t e r i s t i c  quan t i ty .  By consider ing t h e  dev ia t ion  of t h e  

a c t u a l  o p t i c a l  s i g n a l  from t h e  hypo the t i ca l  s i g n a l  ob ta ined  

under ideal condi t ions  as no i se  and r e l a t i n g  i t , t o  the  undis- 

turbed s i g n a l  i n t e n s i t y ,  such a q u a n t i t y ,  which is customarily 

used i n  e l e c t r o n i c  data processing,  can also be formulated for  

o p t i c a l  s i g n a l s  and their  processing.  

By t h e  use of t h e  noise- to-s ignal  ra t io ,  i n v e s t i g a t i o n s  w e r e  

then carried o u t  t o  opt imize dimensions and ope ra t iona l  condi t ions  

of elements of o p t i c a l  data processors.  Tolerances of t h e  dimen- 

s ions  and geometries of such elements for  keeping t h e  q u a l i t y  of 

data process ing  above s p e c i f i e d  l e v e l s  were formulated and found. 

The r e s u l t s  of these s tudies  f o r m  a p a r t  of M r .  Moffatt 's d i s -  

s e r t a t i o n .  

Considerable  e f f o r t s  were made t o  f i n d  a new method f o r  the  

desc r ip t ion  of nonl inear  e f f e c t s ,  s i n c e  prev ious ly  used methods 

are inaccura t e  and d i f f i c u l t  t o  apply as shown i n  a comparit ive 

study. U s e  of Chebyshev polynomials led to  a s a t i s f a c t o r y  solu-  

t i on . .  The new method is  p a r t i c u l a r l y  wel l - su i ted  for  o p t i c a l  data 

processing and holography s i n c e  t h e  s i g n a l s  are mostly s inuso ida l  

i n  these ope ra t ions  o r  can be represented  by such a s i g n a l  form. 
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advantageous f e a t u r e  of r ep resen t ing  nonl inear  char-cteristics 

Chebyshev series is  t h e  fact  t h a t  expreiments can ,be  designed 

check the  theoretical r e s u l t s ,  t o  f i n d  experimental ly  t h e  

c h a r a c t e r i s t i c s  of  var ious  devices ,  and to  descr ibe  them with 

s a t i s f a c t o r y  accuracy. 

Based on these  t h e o r i e s ,  computer programs w e r e  developed 

for the eva lua t ion  of t h e  c h a r a c t e r i s t i c s  of photographic p l a t e s  

and f i l m ,  such as spec t roscop ic  p l a t e s  649-F, and diagrams made 

which show t h e  e f f e c t s  of n o n l i n e a r i t i e s  of  s i g n a l s  recorded on 

such p l a t e s .  Another program g ives  t h e  noise- to-s ignal  r a t io  

as a func t ion  of  t h e  bias i l l umina t ion  and t h e  recorded s i g n a l  

amplitude. The r e s u l t i n g  noise- to-s ignal  ra t ios  presented i n  

diagram f o r m  i n d i c a t e  t h e  optimum bias levels f o r  ob ta in ing  mini- 

mum d i s t o r t i o n s ,  The t h e o r e t i c a l  and computed r e s u l t s  w e r e  

checked by experiments and w e r e  found i n  s a t i s f a c t o r y  agreement. 

The r e s u l t s  w e r e  p resented  a t  meetings of t h e  Op t i ca l  Society of 

America and found cons iderable  i n t e r e s t  i n d i c a t e d  by the  l a r g e  

number of r eques t s  f o r  r e p r i n t s .  

During the  no-cost ex tens ion ,  research  carried o u t  a t  a 

reduced l e v e l  of e f f o r t s  dea l t  w i t h  a s tudy of nonl inear  effects 

on holography. I t  w a s  found t h a t  n o n l i n e a r i t i e s  r e s u l t  i n  

secondary or "ghost" images. T h e  theory and an experimental  

v e r i f i c a t i o n  of t h e s e  e f f e c t s  i s  presented i n  t h i s  r epor t .  
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ANALYSIS OF "GHOST" IMAGES IN HOLOGRAPHY 
BY CHEBYSHEV POLYNOMIALS 

Abstract 

Nonlinear effects in holography resulting in "ghost" 

images at the reconstruction are studied by the use of Cheby- 

shev polynomials. Equations are derived for the transmittance 

of off-axis holograms and for the reconstructed images for the 

two-dimensional case. Using Chebyshev series, the equations 

become relatively simple in the case of line and point objects 

since the various terms of the series represent corresponding 

pairs of the images, of the linear images and of the ghost 

images caused by nonlinearities. Light powers transmitted by 

the various beams can be computed and noise-to-signal ratios 

defined as figures of merit for the holographic processes and 

for the used recording materials. Optimum light levels of the 

reference and signal beams can be found. Experiments are des- 

cribed which confirm the validity of the concepts and of the 

computed relationships. 
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In t roduct ion  

Qual i ty  and e f f i c i e n c y  of opera t ions  i n  o p t i c a l  data and 

image process ing  are o f t e n  degraded by non l inea r  effects. 

e f f e c t s  are p r imar i ly  encountered i n  recording and read-out, b u t  

also i n  o t h e r  operationil; i n  o p t i c a l  systems. Holography which 

is an o p t i c a l  recording process  i s  a t y p i c a l  example. 

Such 

I t  is  

s t rong ly  a f f e c t e d  by n o n l i n e a r i t i e s .  The consequences of the 

n o n l i n e a r i t i e s  are ghost  images which are observed a t  the  recon- 

s t r u c t i o n .  

The non l inea r  r e l a t i o n s h i p  i n  photographic recording can 

be observed a t  in spec t ing  t h e  c h a r a c t e r i s t i c  curve f o r  photo- 

graphic  material which relates t h e  local amplitude t ransmi t tance  

of a ,photographic  p l a t e  o r  f i l m  as t h e  ou tpu t  q u a n t i t y  t o  t h e  

exposure as t h e  inpu t  quant i ty .  T h i s  diagram is  more use fu l  from 

a viewpoint of r econs t ruc t ing  holographic images, than t h e  cus- 

tomari ly  used H & D curve for  photographic processing which 

i n t e r r e l a t e s  dens i ty  and logar i thmic  exposure. I f  t h e  former 

r e l a t i o n s h i p  w e r e  represented  by a s t r a i g h t  l i n e ,  h igher  o rde r  

d e r i v a t i v e s  being zero,  no nonl inear  e f f e c t s  would occur and t h e  

recons t ruc ted  image would be i d e n t i c a l  t o  t h e  o r i g i n a l  o b j e c t ,  

d i s regard ing  o t h e r  undesired s i d e  e f f e c t s .  This ,  however, is 

n o t  the case and,depending on t h e  po in t  of opera t ion  on t h e  

characteristic T & E ( t ransmi t tance  versus  exposure) curve,  a 

varying amount of nonl inear  d i s t o r t i o n s  is p r e s e n t  which r e s u l t  

i n  undesired secondary or  "ghost" images a t  t h e  recons t ruc t ion .  



Nonlinear effects in holography have been investigated by 

several however, the derived equations are of con- 

siderable complexity since they usually include multiple corre- 

lation integrals5 - also for simple objects. 
difficult to derive a clear understanding of the equations and 

to give a physical interpretation of the relationships between 

the various quantities. 

line a new method of representation and evaluation of nonlinear 

effects in holography. The method leads to comparatively simple 

relationships particularly at the consideration of rather basic 

object configurations such as lines and points. The resulting 

relationships can be readily interpreted and instructively show 

the origin and optical background of the nonlinear holographic 

phenomena., They also permit finding optimum operational condi- 

tions for keeping these effects small. 

It then becomes 

It is the purpose of this paper to out- 

The new method is based on describing nonlicear relation- 

ships between input and output quantities of optical processes 

by Chebyshev polynomials. The figures which describe the 

form of the relationship are the coefficients of a Chebyshev 

series. This approach replaces the usually used methods of re- 

presenting the characteristic relationship by Taylor series, 

Fourier relationships, and gamma-coefficient models. The use 

of Chebyshev polynomials in holography seems to be particu- 

larly advantageous in the case of simple objects. The ghost 

images resulting from nonlinearities are then simple described 

by one Chebyshev coefficient each. In contrast to that, in- 

finite series of coefficients and integrals are required for 
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t h e  d e s c r i p t i o n  of each image i f  one of t h e  o t h e r  known methods 

i s  used, The descr ibed procedure a l s o  o f f e r s  t h e  p o s s i b i l i t y  

of de f in ing  t h e  c h a r a c t e r i s t i c s  of ghost  images by ind iv idua l  

noise- to-s ignal  power ra t ios  and t h e  ove r -a l l  q u a l i t y  of t h e  

imaging process  by a t o t a l  noise- to-s ignal  ra t io .  These quan- 

t i t i e s  can be computed from t h e  T & E curve of t h e  holographic 

p l a t e ,  Experiments based on these  cons idera t ions  have confirmed 

the  basic concepts and accura te  numerical s t u d i e s  of nonl inear  

e f f e c t s  are poss ib l e ,  
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Method of Analysis 

It  i s  known tha t  an a r b i t r a r y  continuous r e l a t i o n s h i p  be- 

tween t w o  q u a n t i t i e s  can be described for  a f i n i t e  i n t e r v a l  by 

Chebyshev polynomials. 

i t s  values  -1 and + I f r e p r e s e n t s  t he  f i n i t e  i n t e r v a l  of t h e  i n p u t  

A v a r i a b l e  u1 is  assumed which, between 

quan t i ty .  The ou tpu t  q u a n t i t y  u2 can then be expressed by 

where t h e  func t ions  Tn(ul) are t h e  Chebyshev polynomials which 

are orthogonal and where t h e  c o e f f i c i e n t s  are given by 

The Chebyshev series has i n t e r e s t i n g  f e a t u r e s  if the inpu t  quan- 

t i t y  v a r i e s  s i n u s o i d a l l y  according t o  u1 = cos wx. Since t h e  

t e r m s  of t he  Chebyshev series can be w r i t t e n  a l t e r n a t i v e l y  as 

one f i n d s  

Tn(ul) = cos nwx , ( 4 )  

and the  output  q u a n t i t y  becomes as func t ion  of t h e  v a r i a b l e  x 

u2(x)  = 7 I bo + 1 bn cos nwx . 
n= 1 

(5) 

The output  func t ion  is  hence a Four ie r  series with the  co- 

e f f i c i e n t s  equal  t o  those of the  Chebyshev series, The first- 

order  t e r m  with the  c o e f f i c i e n t  bl has t h e  same form as the  
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i n p u t  funct ion.  The higher-order t e r m s  are harmonics caused by 

t h e  n o n l i n e a r i t y  of t h e  func t ion  f ( u l ) .  

I t , i s  noteworthy t h a t  t hese  condi t ions  of a s inuso ida l ly  

varying inpu t  q u a n t i t y  are e x a c t l y  those.  encountered i n  holo- 

graphic  processes  where i n t e r f e r e n c e  p a t t e r n  with such a d i s t r i -  

bu t ion  of t h e  l i g h t  i n t e n s i t y  are recorded on t h e  hologram. The 

d e s c r i p t i o n  by Chebyshev polynomials seems thus  i d e a l l y  s u i t e d  

f o r  holographic processing. 

t he  varying p a r t  of t h e  exposure E which v a r i e s  s inuso ida l ly  

around a b i a s  value Eo as a func t ion  of t h e  p o s i t i o n  on t h e  p l a t e  

descr ibed by x f o r  a one-dimensional d i f f r a c t i o n  p a t t e r n .  The 

The inpu t  q u a n t i t y  u1 r ep resen t s  

output  q u a n t i t y  u2 s t ands  f o r  t h e  dev ia t ion  of t h e  t ransmi t tance  

from i t s  value f o r  ul = 0.  

C h a r a c t e r i s t i c s  of Holographic Plates 

The c h a r a c t e r i s t i c s  of a photographic p l a t e  o r  f i l m  f o r  

holography can be b e s t  descr ibed  by t h e  T & E curves. Examples 

are shown i n  Fig.  1 f o r  spec t roscopic  p l a t e s  649-F of Kodak, 

which are der ived  from D and logE curves publ ished by t h e  com- 

pany. The curves can b e  eva lua ted  by a computer program7 which 

y i e l d s  t h e  Chebyshev c o e f f i c i e n t s  according t o  Eq. (2), The 

c o e f f i c i e n t s  are computed i n  t e r m s  of two q u a n t i t i e s .  One is  

t h e  b i a s  exposure Eb which is  p ropor t iona l  t o  t h e  l i g h t  i n t e n s i t y  

Ib of t h e  r e fe rence  beam (Eb = Ibt,t = exposure t i m e )  i n  t h e  ab- 

sence of a s i g n a l  beam. The o t h e r  q u a n t i t y  i s  t h e  amplitude of 

the  s i n u s o i d a l  v a r i a t i o n  o f  t h e  exposure Ea due t o  i n t e r f e r e n c e  

with t h e  s i g n a l  beam. I t  should be noted t h a t  Ea is smaller 
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than Eb t o  s a t i s f y  the  condi t ion  t h a t  E(x) remains p o s i t i v e .  

The d i s t r i b u t i o n  of the  exposure is  then for  a one-dimensional 

i n t e r f e r e n c e  p a t t e r n  described by 

= Eb + Ea COS W X 
X 

E 

The output  q u a n t i t y  i s  t h e  t ransmi t tance  ~ ( x )  = u2(x )  which i s  

given by t h e  right-hand side of Eq. ( 5 ) .  

are now funct ions  of t h e  bias exposure Eb and the  exposure ampli- 

tude Ea I 

The c o e f f i c i e n t s  bn 

Figure 2 shows as an example a diagram for  the first order t e r m  

bl which also may be considered as the  product of t h e  inpu t  am- 

p l i t u d e  and the  average s lope  of t h e  c h a r a c t e r i s t i c  curve. I n  

t he  absence of n o n l i n e a r i t i e s ,  t h i s  t e r m  i n d i c a t e s  t h e  t r a n s f e r  

characteristics of t h e  holographic p l a t e .  

those shown i n  Fig. 2 are obtained f o r  t h e  higher-order c o e f f i -  

c i e n t s .  I f  a hologram i s  i l lumina ted ,  t h e  higher-order terms 

are related t o  ghos t  images where each t e r m  of the  Chebyshev 

series describes a p a i r  of these ,  one real  and one v i r t u a l  image, 

Diagrams s imilar  t o  

Diagrams f o r  t he  Chebyshev c o e f f i c i e n t s  as shown i n  Fig. 2 

i n d i c a t e  thus  minimum and maximum values  of these c o e f f i c i e n t s  

as a func t ion  of t h e  b i a s  exposure and t h e  amplitude of the  sinu- 

soidal v a r i a t i o n  and g ive  an i n d i c a t i o n  of the s t r e n g t h  of t h e  

holographic ghos t  images. Such diagrams may hence be used for  

the numerical d e s c r i p t i o n  of the p r o p e r t i e s  of p l a t e s  and f i lms  

for making holograms, The diagrams can also be used for  f ind ing  
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optimum l i g h t - i n t e n s i t y  l e v e l s  of t h e  r e fe rence  beam when d i s -  

t o r t i o n s  by ghos t  images are a minimum. 

An a l t e r n a t i v e  method of desc r ib ing  t h e  q u a l i t y  o f  holo- 

graphic  processes  and of  p l a t e s  and f i lms  f o r  holography can 

be  der ived from t h e  concept t o  cons ider  ghos t  images as o p t i c a l  

no ise  i n  analogy to  s i m i l a r  t e r m s  i n  e l e c t r o n i c  communications. 

Based on t h i s  concept, each ghost  image can b e  descr ibed by a 

noise- to-s ignal  power r a t i o  (NSR) which r ep resen t s  t h e  r a t io  of 

t h e  l i g h t  power t r ansmi t t ed  t o  form t h i s  image divided by t h e  

power t o  form t h e  image of  t h e  o r i g i n a l  ob jec t .  In  t h e  case of 

holograms of b a s i c  o b j e c t s  such as p lanes  and l i n e s  t h i s  ra t io  

(NSR) simply becomes t h e  ra t io  of  t h e  r e spec t ive  higher-order 

Chebyshev c o e f f i c i e n t  t o  t h e  f i r s t - o r d e r  c o e f f i c i e n t  squared. 

The noise- to-s ignal  r a t i o  of t h e  nth-order ghos t  i s  hence 

A more genera l  f i g u r e  i s  found by adding t h e  r e l a t i v e  l i g h t  

powers t r ansmi t t ed  t o  form a l l  higher-order ghos t  images, where 

- 2  2 
= ( 1 bn ) / b l  * NSRtotal n= 2 

I t  seems t h a t  t h i s  concept f a c i l i t a t e s  u s e f u l  comparisons and 

numerical d e s c r i p t i o n s  of processes  and materials f o r  holography. 

Theory of Nonlinear Holography 

Based on t h e  preceding equat ions,  r e l a t i o n s h i p s  can be de- 

r ived  f o r  t h e  t h e o r e t i c a l  d e s c r i p t i o n  of holographic recording. 

The condi t ions  and t h e  geometry which are t h e  b a s i s  of t h e  
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der iva t ion  are shown i n  Fig. 3.  A t ransmit t ing-type o b j e c t  is 

i l l umina ted  by a coherent ,  quasimonochromatic, and collimated 

l i g h t  beam, The ou tpu t  beam rep resen t s  t h e  s i g n a l  beam which, 

i n  t h e  p lane  of t h e  holographic  p l a t e ,  has  an amplitude d i s t r i -  

bu t ion  

u(x ,y)  = a ( x , y ) e  j +  ( x d  ( 8 )  

The r e fe rence  beam has  a d i s t r i b u t i o n  a t  t h e  same loca t ion  given 

by exp ( jwxx) , assuming t h a t  i t s  t r ansve r se  amplitude d i s t r i b u -  

t i o n  i s  cons tan t  and normalized t o  uni ty .  The to ta l  exposure 

a t  t h e  p l a t e  i s  then p ropor t iona l  t o  t h e  t o t a l  absolute  value 

squared 

Evaluat ion y i e l d s  

and i n  s i m p l i f i e d  w r i t i n g  

E(x ,y )  = E b (Xty) + Ea(xiY) COS $(X,y) . (11) 

The func t ions  Eb and Ea vary slowly as a func t ion  of  x and y,  

while cos JI v a r i e s  f a s t .  The sepa ra t ion  of E(x,y) i n t o  p a r t s  

varying slowly and f a s t  wi th  p o s i t i o n  con ta ins  an element of 

a r b i t r a r i n e s s  b u t  it i s  j u s t i f i e d  i n  t h e  case of o f f - ax i s  holo- 

graphy. I n  t h i s  case t h e  condi t ions  are s imilar  t o  those i n  

e l e c t r o n i c  modulation theory where s i m i l a r  r ep resen ta t ions  a r e  

used f o r  modulated-carrier s i g n a l s .  8 
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With re ference  t o  Eq. (5), t h e  t ransmi t tance  r e s u l t i n g  from 

t h e  photographic process  becomes a l i n e a r  superpos i t ion  of  terms 

where t h e  var ious  t e r m s  are given by 

I t  is  noted t h a t  t h e  Chebyshev c o e f f i c i e n t s  bn are func t ions  of 

Eb and Ea which i n  t u r n  are func t ions  of  x and y (slowly varying) .  

They r ep resen t  t h e  envelopes of t h e  r ap id ly  o s c i l l a t i n g  func t ions  

cos n$(x ,y)  and can be obtained from diagrams such as shown i n  

Fig. (2) or  from t h e  computer program. Reconstruction of  t h e  

f i r s t - o r d e r  t e r m  ~ ~ ( x , y )  y i e l d s  t h e  image 

t h e  reproducable real  image and t h e  observable v i r t u a l  image. 

of t h e  o r i g i n a l  o b j e c t ,  

The higher-order t e r m s  o f  T cause p a i r s  of ghos t  images with beams 

l i n e a r l y  superimposed. 

of x and y I  they may be represented  by Four ie r  series of t h e  form 

Since t h e  c o e f f i c i e n t s  bn are func t ions  

I t  is observed, tak ing  i n t o  cons idera t ion  Eq. ( 1 4 )  I t h a t  

t h e  r e s u l t i n g  equat ions  become r a t h e r  complex i n  t h e  case of more 

complicated o b j e c t s ,  l ead ing  t o  expressions of i n f i n i t e  series of 

mul t ip l e  i n t e g r a l s .  



Hologram of a 

The equat ions presented i n  

more u s e f u l  i f  they are appl ied  

Line Object  

t h e  preceding 

10 

s e c t i o n  become 

to  simple objects such as a 

l i n e  object, The problem becomes then one-dimensional and t h e  

r e l a t i o n s h i p s  can be  r e a d i l y  i n t e r p r e t e d  and v e r i f i e d  by ex- 

periments. The s i g n a l  beam o r i g i n a t i n g  a t  t h e  l i n e  source 

consists of c y l i n d r i c a l  waves which give i n  t h e  plane of t h e  

holographic p l a t e  a wave amplitude 

exp ( j k o  
- A1 

w1 - 1- 
where A1 i s  propor t iona l  to  t h e  amplitude of the  l i n e  source and 

ko is  t h e  free-space wave number o r  plane-wave propagation con- 

s t a n t .  Disregarding the s m a l l  amplitude v a r i a t i o n  due the t e r m  

i n  t h e  denominator, t h e  equat ion can be w r i t t e n  as 

where t h e  redef ined  A1 r ep resen t s  now t h e  amplitude i n  t h e  sub-  

zeni th  p o i n t  of t h e  hologram plane  where t h e  o r i g i n  of t h e  coor- 

d i n a t e  system is  located as ind ica t ed  i n  Fig.  4a. T h e  wave 

amplitude of t he  r e fe rence  beam along t h e  p l a t e  i s  

under the  assumption t h a t  t h e  beam h i t s  t h e  p l a t e  under an angle  

B a g a i n s t  the p l a t e  normal and t h a t  A2 i s  t h e  amplitude a t  t h e  

o r ig in .  

Computation of the  i n t e n s i t y  of the  i n t e r f e r e n c e  p a t t e r n  
* * 

according t o  I ( x )  = (W1 + W2) (W1 + W2) y i e l d s  
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(18) 

where 

It is noted t h a t  Eq. (18) b a s i c a l l y  i s  t h e  d e s c r i p t i o n  of a 

one-dimensional i n t e r f e r e n c e  p a t t e r n  with a spatial  wave num- 

ber or  phase cons tan t  i n  the  x d i r e c t i o n  given by d$(x)/dx 

which is 

* 
kx(x) = d$(x)/dx = kox/Dl - ko s i n e  . 

Applicat ion of Eq. (11) g ives  t h e  d i s t r i b u t i o n  of t h e  exposure 

along t h e  holographic  p l a t e  

E ( x )  = Eb 

The b i a s  l e v e l  

T & E curve 

tude of the 

i s  cons l an t  

is 

+ E ( a )  cos $(XI  (19)  

which de f ines  the p o i n t  of opera t ion  along t h e  

Eb = A1 
2 t ( l  + a ) and is constant .  The ampli- 

s i n u s o i d a l  v a r i a t i o n  of t h e  exposure Ea = A1 t a 

also. The phase t e r m  i s  given by Eq. (18) 

1 2 - k x /D1 - ko x sinf3 2 0  . 
A f t e r  exposing t h e  p l a t e  according t o  Eq.  (20) I and pro- 

cess ing  it, the  d i s t r i b u t i o n  of t h e  r e s u l t i n g  amplitude t rans-  

mit tance is  given by 

* 
I t  should be noted t h a t  t h e  phase cons tan ts  i n  t he  var ious  

d i r e c t i o n s  of t h e  local coord ina te  system are related by 
2 + k  2 + k Z  2 = k o  2 . 

kX I! 



T ( X )  = T + T n ( X )  , 
O n = l  

1 2  

(21)  

* 
The Chebyshev c o e f f i c i e n t s  bn are now cons tan t s  

pendent of t h e  p o s i t i o n  on t h e  p l a t e .  The f i r s t  order term y i e l d s  

t h e  images of  t he  l i n e  object i f  t h e  p l a t e  is i l lumina ted  by co- 

h e r e n t  l i g h t .  

each t e r m  of t h e  Chebyshev series one p a i r  of them. It  is  ob- 

served t h a t  simple r e l a t i o n s h i p s  are obta ined  f o r  t h e  l i n e  ob- 

ject  s i n c e  each t e r m  of t h e  Chebyshev series rep resen t s  one 

p a i r  of ghos t  images, one real  and one v i r t u a l  image. This  i s  

i n  c o n t r a s t  t o  o t h e r  methods of represent ing  nonl inear  e f f e c t s  

and are inde- 

The higher-order terms .cn ( n > l )  cause ghos t  images, 

such as Taylor series where i n f i n i t e  series are obtained f o r  t h e  

d e s c r i p t i o n  of each ghost  image. 

General Image Reconstruction 

I n  consider ing r econs t ruc t ion  of  holograms containing non- 

l i n e a r i t i e s ,  Fresne l  imaging w i l l  be d iscussed  only s i n c e  

Frauenhofer imaging seems t o  be of  minor importance. I f  t h e  
** 

amplitude d i s t r i b u t i o n  of l i g h t  leav ing  t h e  hologram is ul (x l ,y l ) ,  

* 
This is  an approximation due to  d i s r ega rd  of t h e  t e r m  i n  t h e  

Assuming a hologram s i z e  of  2.5 c m  squared and a h / 4  c r i t e r i o n ,  

denominator of  Eq. (15) e 

t h e  distance-between t h e  image p lane  and t h e  hologram for  Frauen- 
hofer  imaging is  4KM (2.5 m i l e s ) .  

** . 
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t h e  d i s t r i b u t i o n  i n  t h e  image plane a t  a d i s t a n c e  D2 i s  obtained 

by t h e  modified Fresnel-Kirchhof f d i f f r a c t i o n  formula9 i n  cus- 

tomary no ta t ion  

4lT 
x K = -j - cos 8 , 

where Q is  the  angle  under which t h e  i l l umina t ing  l i g h t  h i t s  t h e  

hologram and G i s  t h e  Green's func t ion  f o r  f r e e  space. 

The l i g h t  amplitude i n  t h e  output  plane of  t h e  hologram is  

propor t iona l  t o  t h e  t ransmi t tance  and given by 

with T r ep resen t ing  t h e  t ransmi t tance  d i s t r i b u t i o n  of t h e  holo- 

gram and where A. is  t h e  i l l umina t ing  l i g h t  amplitude. 

var ious t e r m s  of t h e  t ransmi t tance  are obtained from Eq. (13) , 
where t h e  n th  t e r m  has  t h e  form 

The 

The t w o  t e r m s  between t h e  b racke t s  desc r ibe  phase v a r i a t i o n s  of 

t h e  hologram which under i l l umina t ion  cause t h e  p a i r  of real and 

v i r t u a l  images of t he  n th  order .  D i f f e r e n t  t e r m s  may cause 

l i n e a r l y  superimposed l i g h t  beams and images i f  they h i t  t h e  

imaging p lane  a t  t h e  s a m e  place.  The zero-order t e r m  r ep resen t s  

an image of t h e  slowly varying amplitude-envelope d i s t r i b u t i o n  of 

t h e  hologram, 



The f i r s t - o r d e r  t e r m  describes t h e  o r i g i n a l  o b j e c t ,  

and t h e  ghos t  images are given by the  higher-order t e r m s  

Reconstruction of t he  Line Image 

The genera l  r e l a t i o n s h i p s  of t h e  preceding s e c t i o n  are 

appl ied  next  t o  t h e  case of a l i n e  object discussed before .  

Under these condi t ions ,  t h e  problem becomes one-dimensional and 

t h e  equat ions can be r e a d i l y  evaluated.  Assuming t h e  o b l i q u i t y  

f a c t o r  t o  be un i ty  and d is regard ing  t h e  v a r i a t i o n s  of t h e  dis-  

tance r i n  t h e  denominator of t h e  Green's func t ion  ( r  = D 2 ) ,  

3 Eqo (23) becomes 

The amplitude d i s t r i b u t i o n  according t o  Eq. (24) i s  now given by 

where 
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and 

1 2 IcI (x1) = 2 koXl /D1 - 

For t h e  l i n e  o b j e c t ,  

kox s i n 6  . (32) 

t h e  Chebyshev c o e f f i c i e n t s  are con- 

s t a n t s  which depend on t h e  b i a s  exposure Eb and on t h e  amplitude 

of t h e  cylindrical-wave s i g n a l  beam Ea as ind ica t ed  i n  Eq. ( 2 2 ) .  

The phase t e r m  according t o  Eq. (32) is  t y p i c a l  f o r  a,one-dimen- 

s i o n a l  i n t e r f e r e n c e  p a t t e r n  with a l i n e a r l y  inc reas ing  phase 

cons tan t  ( s p a t i a l  frequency) 

- aJl(x) = koxl/Dl-ko s in6  e kx - dx 

Considering only t h e  second phase t e r m  between t h e  bracke ts  of 

Eq. (31) which y i e l d s  t h e  real image, one ob ta ins  for t h e ; n t h  

t e r m  of t h e  recons t ruc ted  image 
2 

kO (x12-2x x ) - jk  o n- 2D1 
I x1 jkonxlsinB 

j -  1 2  2D2 e e dx, e 

Evaluat ion of t h e  i n t e g r a l  f o r  t h e  real image 

o b j e c t  (n = 1) gives  under t h e  condi t ion  D1 = 

I 

(33) 

of t h e  o r i g i n a l  

D2 = D 

j (kosinB- D kO x ) x  
2 1  u ( x  ) = Klbl\ e dxl 

AP 2 1  2 . (34) 

The condi t ion  D2 = D1 impl ies  t h a t  t h e  d i s t a n c e  between image 

plane and hologram a t  r econs t ruc t ion  equals  t h a t  between l i n e  

o b j e c t  and holographic  p l a t e  when t h e  hologram w a s  made. Fur ther  

eva lua t ion  y i e l d s  

= K 6  (kosin@ - D kO x2) . (35) 
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T h e  r e s u l t  i s  a 6-function a t  t h e  p o s i t i o n  

x2 = D s i n  f3 (36) 

which r ep resen t s  the image of t h e  o r i g i n a l  l i n e  source. 

$va lua t ion  of Eq. ( 3 3 )  for  higher-order values of n.shows 

t h a t  t h e  ghos t  images are represented  by &-funct ions also! which 

are obta ined  fo r  p o s i t i o n s  given by 

D2 = Dl/n (37) 

and a t  a t r ansve r se  d i s t a n c e  from t h e  a x i s  

x = n D2 s in6  = D s i n e  ( 3 8 )  2 

The r e s u l t s  i n d i c a t e  t h a t  t he  ghos t  images of t h e  l i n e  source 

occur  a t  equal  t r ansve r se  p o s i t i o n s  x2 b u t  a t  d i f f e r e n t  longi-  

t u d i n a l  p o s i t i o n s  D2" 

t h e  series f o r  T describes one of  them. 

Each Chebyshev c o e f f i c i e n t  and t e r m  of 

EXPERIMENTS 

A series of experiments has been carried o u t  t o  v e r i f y  the  

der ived r e l a t i o n s h i p s  and t o  a i d  a t  t h e i r  i n t e r p r e t a t i o n .  Holo- 

grams w e r e  mad.e cr€ a line &ject and a p o i n t  o b j e c t  s i n c e  t h e  

descr ibed method of a n a l y s i s  is w e l l  s u i t e d  f o r  t h e  study of 

s i m p l e  objec%s, The experimental  r e s u l t s  v e r i f y  t h e  der ived  

equat ions 

Experimental Setup 

A major component of the  experimental  s e tup ,  which i s  i l l u s -  

t ra ted i n  Fig. $a, i s  a H e N e  laser w i t h  a beam-expanding tele- 

scope which g ives  a collimated f i l tered beam. The beam i s  
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divided by a beam s p l i t t e r  i n t o  t w o  p a r t s  of which one passes  

through a c y l i n d r i c a l  l e n s  which focuses t h e  beam along a f i n e ,  

The beam behind t h e  f o c a l  region r ep resen t s  t h e  s i g n a l  beam 

which has  c h a r a c t e r i s t i c s  similar t o  those of a beam caused by 

a l i n e  o b j e c t ,  The second pax t  o f  t h e  beam travels s t r a i g h t  

through t h e  beam s p l i t t e r  and passes  through an a t tenuator ,  I t  

is subsequently r e f l e c t e d  by a mirror, and becomes t h e  re ference  

beam, Both superimposed beams form an i n t e r f e r e n c e  p a t t e r n  which 

is  photographed on a Kodak 649-F p l a t e .  The photograph repre- 

s e n t s  then an of f -ax is  hologram of a , l i n e  source,  The d i s t ance  

between t h e  focus of the c y l i n d r i c a l  l e n s  and t h e  p l a t e  is  Dl 

and t h e  angle  under which t h e  re ference  beam h i t s  t h e  p l a t e  is B e  
Reconstruction i s  ind ica t ed  i n  F igD 4be The hologram 

which has a s i z e  of about 314'' by 314" i s  i l lumina ted  by t h e  ex- 

panded Laser beam, A f r a c t i o n  of t h e  beam passes  s t r a i g h t  

through t h e  hologram and forms t h e  zero-order image on t h e  

photographic p l a t e  o r  f i l m ,  A second p a r t  of t h e  beam is de- 

f lec%ed by t h e  holographic  i n t e r f e r e n c e  p a t t e r n  o f f - ax i s  and 

forms t h e  r e a l  image on t h e  p l a t e .  A t h i r d  f r a c t i o n  is de- 

f l e c t e d  i n t o  a d i r e c t i o n  on t h e  o t h e r  s i d e  of  t h e  axis  and forms 

a beam which g ives  t h e  impression to  o r i g i n a t e  a t  t h e  o r i g i n a l  

o b j e c t  and thus  c a r r i e s  t h e  v i r t u a l  image. Addit ional  p a r t s  of 

the beam are d e f l e c t e d  by t h e  higher-order d i s t r i b u t i o n s  and 

form %he ghost  images, Movable masks wi th  r ec t angu la r  cu touts  

are used t o  make several holograms and several recons t ruc ted  

images on one p l a t e ,  



18 

Experimental Procedure 

As a first s t e p ,  a series of holograms w a s  made of a l i n e  

o b j e c t  on 649-F p l a t e s  a t  a development t i m e  o f  f i v e  minutes 

by the use of t h e  descr ibed  setup.  The l i g h t  i n t e n s i t i e s  of 

the re fe rence  and s i g n a l  beams w e r e  c a r e f u l l y  ad jus ted  t o  cor- 

respond t o  a series of ope ra t iona l  p o i n t s  along t h e  T&E curve 

shown i n  Fig. 1, S i x  holograms w e r e  made on one p l a t e .  The 

i n t e n s i t y  l e v e l  of t h e  r e fe rence  beam w a s  ad jus ted  by i n s e r t i n g  

a t t e n u a t o r s  of varying a t t enua t ion  such t h a t  s i x  average l e v e l s  

of t ransmi t tance  w e r e  ob ta ined  ranging from about . 8  t o  .1 

transmit tance.  The i n t e n s i t y  of the s i g n a l  beam w a s  ad jus ted  

t o  correspond t o  amplitude l e v e l  of A = 1 0 0  (amplitude of s inu-  

soidal v a r i a t i o n  of exposure) and kep t  cons t an t  when t h e  s i x  

holograms w e r e  made, A - s i m i l a r  set  of holograms on one p l a t e  

w a s  made after s u b s t i t u t i o n  of a s p h e r i c a l  l e n s  for  t h e  cy l in-  

d r ica l  one. The focal region of  t he  l e n s  then  r ep resen t s  a p o i n t  

sourceo 

The r econs t ruc t ion  w a s  made by i l l umina t ing  t h e  holograms 

by an expanded co l l imated  laser beam and by photographing the 

real  images on Polaro id  f i l m .  Three p i c t u r e s  were u a l l y  taken 

on one frame bymoving an opaque, sc reen  with a r ec t angu la r  cut-  

o u t  up and down i n  f r o n t  of t h e  Polaro id  f i l m  holder ,  The dis-  

tance between hologram and f i l m  ho lder  w a s  ad jus t ab le  t o  permit  

pos i t i on ing  of the f i l m  holder i n  the  p lanes  of t h e  f i r s t  and 

higher-order images of the  l i n e  and p o i n t  o b j e c t ,  
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Resul ts  

The f i r s t  experiment w a s  made to  show f i r s t - o r d e r  and 

higher-order images of a l i n e  source. Herewith, one holo- 

gram w a s  used f o r  r econs t ruc t ion  and t h e  real images photo- 

graphed t h r e e  t i m e s  i n  a r o w  with t h e  Polaro id  f i l m  holder  

placed a t  t h r e e  d i s t ances ,  The p o s i t i o n s  coincided with t h e  

image p lanes  of t h e  o r i g i n a l  o b j e c t  ( l i n e  source)  and o f  t h e  

second-order and th i rd -o rde r  ghos t  images. The t h r e e  p i c t u r e s  

are shown i n  Fig. 5, The upper p i c t u r e  shows a circular  i l l u -  

minated region i n  t h e  c e n t e r  which r ep resen t s  t h e  zero-order 

c i r c u l a r  beam t r ansmi t t ed  s t r a i g h t  through t h e  c i r c u l a r  holo- 

gram, On t h e  right-hand s i d e  is  t h e  image of t h e  o r i g i n a l  l i n e  

o b j e c t ,  The d i s t a n c e  between f i l m  and hologram w a s  D1 which i s  

equal  t o  t h a t  between o b j e c t  and t h e  holographic p l a t e  when t h e  

hologram w a s  made. The shadow on t h e  lef t -hand side i s  caused 

by t h e  beam which, if observed with t h e  eye,  would y i e l d  t h e  

v i r t u a l  image, 

The cen te r  p i c t u r e  below shows t h e  second-order ghos t  

image of t h e  l i n e  o b j e c t  on t h e  right-hand s i d e .  The d i s t a n c e  

between f i l m  and hologram w a s  reduced t o  about one-half of 

t h a t  when t h e  previous p i c t u r e  w a s  taken. This d i s t a n c e  i s  ob- 

t a ined  by Eq. (37). It i s  observed t h a t  t h e  la teral  d i s t a n c e  

between image and a x i s  i s  t h e  same as before .  This confirms 

t h e  r e s u l t  of t h e  t h e o r e t i c a l  a n a l y s i s ,  Eq. ( 3 8 ) .  The e l i p t i -  

caP image between t h e  c e n t e r  zero-order image and t h e  second- 

o rde r  l i n e  image is  t h e  r e s u l t  of t h e  f i r s t - o r d e r  beam which, 
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i f  cont inuing behind the p lane  of t h e  f i l m ,  would focus i n  t h e  

image of the o r i g i n a l  l i n e  o b j e c t  photographed i n  t he  preceding 

p i c t u r e  above, 

When t h e  l o w e r  p i c t u r e  w a s  made, t h e  f i l m  ho lder  w a s  moved 

upwards and placed a t  about D1/3 f r o m  the hologram. 

plane,  the  b e a m  r e s u l t i n g  f r o m  t h e  th i rd-order  n o n l i n e a r i t i e s  

becomes focused and f o r m s  a ghost image of t h e  l i n e  object. It  

can be noted that  the lateral  d i s t a n c e  f r o m  the a x i s  of this 

image is somewhat smaller than i n  t h e  preceding case. The 

e l l i p t i c a l  images a t  the l e f t  of the l i n e  image are t h e  r e s u l t  

of the  first and second order beams., I t  i s  observed t h a t  t h e  

l i g h t  i n t e n s i t i e s  of t h e  recons t ruc ted  l i n e  images considerably 

decrease with increas ing  order number. The corresponding l i g h t  

amplitudes are propor t iona l  t o  the ind iv idua l  Chebyshev coeffi- 

c i e n t s  fo r  t h e  s p e c i f i c  l i g h t  levels when t h e  hologram w a s  made. 

I n  t h i s  

The purpose of the second experiment w a s  t h e  s tudy of the  

inf luenee  of t h e  b i a s  level of the  r e fe rence  beam on t h e  non- 

P i n e a r i t i e s .  The i n t e n s i t i e s  of t h e  second-order ghos t  images 

w e r e  compared a t  var ious  amplitude l e v e l s  o f  t h e  re ference  

beam, The amplitude of  t h e  s i g n a l  beam w a s  kept  cons tan t  as 

ind ica t ed  i n  t h e  d e s c r i p t i o n  of t h e  experimental  procedure i n  

s e c t i o n  Be The hologram w a s  t h a t  of a l i n e  ob jec t .  Figure 6 

shows t h e  r e s u l t s .  Photographs w e r e  made on Polaro id  f i l m  of 

t h e  real images of t h r e e  holograms by moving t h e  f i l m  ho lder  

up and down, The p i c t u r e s  were taken with t h e  f i l m  plane i n  

t h e  image plane for  the  second-order ghos t  images, The ghos t  



images are focused i n  t h i s  p lane  and have t h e  form of the o r i g i -  

n a l  l i n e  ob jec t .  The l i n e  images are shown on t h e  right-hand 

side, The beams for  the l i n e a r  real and v i r t u a l  images o f  t h e  

l i n e  object cause t h e  e l l i p t i c a l  images on both sides of  the  

c e n t r a l l y  loca t ed  zero-order image. 

I n  t he  upper p i c t u r e ,  the l i g h t  l e v e l  of t h e  re ference  beam 

w a s  i n  t h e  region f o r  minimum noise- to-s ignal  r a t i o  (NSR) causing 

a t ransmi t tance  of about .5 and g iv ing  minimum n o n l i n e a r i t i e s .  

The ghos t  image i s  rather weak. The lower p i c t u r e  shows the re- 

cons t ruc ted  images when t h e  level w a s  ad jus ted  for  a t ransmi t tance  

of about .15 g iv ing  a maximum NSR and hence l a r g e  nonl inear  e f f e c t s .  

Correspondingly t h e  i n t e n s i t y  of t h e  ghost image is  r a t h e r  s t rong.  

The p i c t u r e  i n  t h e  c e n t e r  corresponds t o  an ope ra t iona l  p o i n t  on 

t h e  T&E curve between t h e  maximum and minimum a t  a t ransmi t tance  

of about . 3  (see F igo  1) A t  t h e  recons t ruc t ion ,  t he  l i g h t  l e v e l  

of t h e  f i r s t -order  beam w a s  kep t  cons tan t .  

In  the t h i r d  experiment, the  c y l i n d r i c a l  l e n s  w a s  replaced 

by a s p h e r i c a l  l e n s  which formed a p o i n t  source i n  t h e  f o c a l  

region, The r e s u l t i n g  i n t e r f e r e n c e  p a t t e r n  i s  a hologram of a 

po in t  o b j e c t .  Reconstruction i n  a s l i g h t l y  expanding beam re- 

s u l t e d  i n  t h e  three photographs shown i n  Fig. 7. The upper photo- 

graph shows t h e  recons t ruc ted  real image i n  the plane of the  

l i n e a r  image where t h e  right-hand i l lumina ted  po in t  r ep resen t s  

the image of t h e  o r i g i n a l  ob jec t .  The  c i r c u l a r  i l lumina ted  region 

i n  the  c e n t e r  i s  t h e  image r e s u l t i n g  from t h e  zero-order, s t r a i g h t -  

through beam. The two photographs below show t h e  ghos t  images 



caused by the second-order and th i rd-order  n o n l i n e a r i t i e s .  The 

c i r c u l a r  images between t h e  p o i n t  images on the  right-hand side 

and %he zero-order images i n  t h e  c e n t e r  are t h e  r e s u l t  of i l l u m i -  

na t ion  by t he  lower-order beams, Light  shadows l e f t  of c e n t e r  

are t h e  resu%% of beams ca r ry ing  %he v i r t u a l  image, 

Conclusions 

I% w a s  shown t h a t  r e l a t i o n s h i p s  can be der ived by t h e  use 

of Chebyshev polynomials which describe t h e  nonl inear  effects i n  

holographic processes ,  Equations w e r e  found for t h e  t ransmit-  

$awe of t h i n  o f f - ax i s  holograms of general ,  two-dimensional ob- 

jects and for  t h e  recons t ruc ted  images i n  t h e  Fresne l  zone, The 

equat ions are complicated fo r  general. o b j e c t s ,  as is  t h e  case a t  

using o%her nethods of r ep resen t ing  nonl inear  c h a r a c t e r i s t i c s ,  

such as Taylor series The equat ions ,  howeverB become manageable 

for fundamental o b j e c t s ,  p a r t i c u l a r l y  for  l i n e  o b j e c t s  where t h e  

problem is  one-dimensional, The r e s u l t s  can be  r e a d i l y  i n t e r p r e t e d  

and w e r e  confirmed by experiments 

The equat ions and corresponding experiments confirm %he pre- 

viopnsly repor ted  observa t ions  t h a t  t h e  nonl inear  e f f e c t s  cause 

secondary o r  "ghost" images, The use of Chebyshev polynomials 

fo r  the  d e s c r i p t i o n  of nonl inear  characteristics o f f e r s  t he  ad- 

vantage khat in t h e  case s€ fundamental o b j e c t s ,  t h e  d e s c r i p t i o n  

of the  t ransmi t tance  d i s t r i b u t i o n  of t h e  hologram becomes rather 

simple, Each t e r m  of t h e  Chebyshev series d i r e c t l y  r ep resen t s  a 

p a i r  of ghost images, This  is n o t  t h e  case i f  o t h e r  methods of 

desc r ib ing  n o n l i n e a r i t i e s  are used, I n f i n i t e  series are then 
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obtained i n s t e a d  of s i n g l e  terms, I f  the hologram is i l l u m i -  

na ted  by coherent  l i g h t l  the  elementary harmonic d i s t r i b u t i o n s  

which superimposed r ep resen t  t h e  t ransmi t tance  and which are 

descr ibed by the  var ious  Chebyshev c o e f f i c i e n t s  d e f l e c t  f r a c t i o n s  

of the  beam pass ing  through the hologram, The f r a c t i o n a l  beams 

are focused a t  d i f f e r e n t  p o s i t i o n s  and form t h e  images, The de- 

sc r ibed  experiments follow i n s t r u c t i v e l y  t h e  der ived  equat ions 

as shown by t he  reproduced photographs of t h e  real  image i n  

F igso  5 through 7, 

Another m e r i t  of t he  new method is t h e  fact  t h a t  t h e  non- 

Pinear  effects can be treated numerically,  Using Chebyshev 

po%ynomia8sB the var ious  c o e f f i c i e n t s  of t he  series r ep resen t  

p a i r s  of ghost  images, HenceB t h e  l i g h t  power carried in t h e  

beams forming %he various images a c t u a l l y  can be computed, 

Ratios f o r  the l i g h t  powers forming t h e  var ious  ghos t  images 

t o  t h a t  of t h e  a c t u a l  l i n e a r  image can be found, This  permits  

determinat ion of ind iv idua l  noise- to-s ignal  r a t i o s  and a cor- 

responding ove r -a l l  r a t i o ,  The l a t t e r  r ep resen t s  t he  r a t i o  of 

t h e  l i g h t  power forming all ghost  images t o  t h a t  of t h e  l i n e a r  

image o f  t h e  o r i g i n a l  o b j e c t ,  Hence, one can f i n d  f i g u r e s  of 

merit f o r  the q u a l i t y  of holographic reproduct ion wi th  regard 

t o  n o n l i n e a r i t i e s ,  This i n  t u rn  opens t h e  way for  the  numeri- 

cal eva lua t ion  and comparison of f i l m ,  p l a t e ,  and other  recording 

material for  holography and of t h e  related processing methods 

I t  also permi ts  determinat ion of optimum opera%ional  condi t ions  

given by the  ra t io  of t h e  l e v e l  of t h e  s i g n a l  beam to  t h a t  of 
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the  re ference  beam, The new method thus seems t o  have a number 

of m e r i t s ,  however, f u r t h e r  s t u d i e s  and f u r t h e r  use w i l l  g ive 

an i n d i c a t i o n  of t h e i r  importance. 
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